The impact of recent multi-loop calculations on precise determinations of charm-and bottom-quark masses and the strong coupling constant is discussed.
Quark masses
A detailed analysis of m c and m b based on the ITEP sum rules [1] has been performed several years ago [2] . During the past years new and more precise data for σ(e + e − → hadrons) have become available in the low energy region, in particular for the parameters of the charmonium and bottomonium resonances. Furthermore, the error in the strong coupling constant α s (M Z ) which enters this analysis has been reduced. Last not least, the vacuum polarization induced by massive quarks has been computed in four-loop approximation; more precisely: its first derivative at q 2 = 0, which corresponds to the lowest moment of the familiar R-ratio has been evaluated in [3, 4] . Based on these developments a new determination of the quark masses has been performed in Ref. [5] . More recently also the second moment has been calculated [9] . The extraction of m Q from low moments of the cross section σ(e + e − → QQ) exploits its sharp rise close to the threshold for open charm and bottom production. By evaluating the moments
with low values of n, the long distance contributions are averaged out and M n involves short distance physics only, with a characteristic scale of order E threshold = 2m Q . Through dispersion relations the moments are directly related to derivatives of the vacuum polarization function at q 2 = 0,
which can be evaluated in perturbative QCD (m Q = m Q (µ) is the MS mass at the scale µ). The perturbative series for the coefficientsC n in order α 2 s was originally evaluated up to n = 8 in Ref. [6] , and to "arbitrary" high order in [7, 8] . The four-loop contributions toC 0 andC 1 were evaluated in Refs. [3, 4] , those toC 2 in [9] . Combining Eqs. (1) and (2) sensitive to non-perturbative contributions from condensates, to the Coulombic higher order effects, the variation of µ and the parametric α s dependence. For n = 1:
The moment with n = 2 is less sensitive to data for R(s) from the continuum region above 5 GeV, where experimental results are scarce and the aforementioned theory uncertainties are still relatively small. The agreement between n = 1 and n = 2 (m c (3 GeV) = 0.976(16) GeV), together with the nice convergence with increasing order in α s can be considered as additional confirmation of this approach. Instead of measuring the moments M exp n in e + e − annihilation they can also be determined in lattice simulations. This approach has recently been pioneered in [10] using the Highly Improved Staggered Quarks (HISQ) discretization of the quark action in combination with four-loop perturbative results [3, 4, 5, 9, 11] . The final result, m c (3 GeV) = 0.986(10) GeV corresponds to a scale-invariant mass m c (m c ) = 1.268(9) GeV and is in excellent agreement with the determinations based on e + e − data. The approach based on e + e − data is also applicable to the determination of m b . The three results based on n = 1, 2 and 3 are of comparable precision. The relative size of the contributions from the threshold and the continuum region decreases for the moments n = 2 and 3. On the other hand, the theory uncertainty is still small. Therefore the result from n = 2 was taken as the final answer [5] , despite the fact thatC 2 was not yet known. The result, m b (10 GeV) = 3.609 (25) 
The strong coupling constant
One of the most precise and theoretically safe determination of α s is based on measurements of the cross section for electron-positron annihilation into hadrons [12] . These have been performed in the low-energy region between 2 GeV and 10 GeV and, in particular, at and around the Z resonance at 91.2 GeV. Conceptually closely related is the measurement of the semileptonic decay rate of the τ -lepton, leading to a determination of α s at a scale below 2 GeV [13] . The perturbative expansion for the ratio R(s) ≡ σ(e + e − → hadrons)/σ(e + e − → µ + µ − ) in numerical form is given by R = 1 + a s + (1.9857 − 0.1152 n f ) a 
Here a s ≡ α s /π and the normalization scale µ 2 = s. The a [14] , the complete five-loop calculation has been performed in [15] . Let us now move to the analysis of present data for e + e − annihilation and τ decays. Measurements of R(s) at lower energies, with their correspondingly larger values of α s , are in principle more sensitive to α s (M Z ) if the same relative precision could be obtained. At present, however, the systematic experimental error of 2% is a limiting element for a competitive measurement. The final result of a recent analysis [16] α 
The theory error can now safely be neglected. Higher orders are of particular relevance in the low-energy region, for example in τ decays. The correction from perturbative QCD to the ratio Γ(τ → hadrons S=0 + ν τ )/Γ(τ → l +ν l + ν τ ) is given by the factor
which can be evaluated in Fixed Order perturbation theory or with "Contour Improvement" as proposed in [18, 19] : 
Starting from δ 
Applying four-loop running and matching [21, 22, 23, 24] (with negligible error from the evolution from M τ to M Z ):
a s (M Z ) = 0.1202 ± 0.0006 exp ± 0.0018 th = 0.1202 ± 0.0019 .
The shifts in α s (M Z ) from Z-and τ -decays, are opposite in sign and move the values in the proper direction, decreasing, thus, the current slight mismatch between two independent determinations of α s . The two results are in remarkable agreement and can be combined to one of the most precise and presently only N 3 LO result:
As discussed above, α s from τ -decays is strongly affected by theory uncertainties. This is reflected in three recent publications which all are based on the same set of τ data and the new five-loop results, which, however, arrive at significantly different estimates of higher order terms and hence of α s . In [25] it is argued that FOPT exhibits a poorly "convergent" series, in contrast to CIPT, where a subset of higher order contributions (so-called π 2 -terms) is automatically summed. This analysis leads to α s (M τ ) = 0.344 ± 0.005 exp ± 0.007 th . The small theory uncertainty is a consequence of the (artificially) reduced µ-dependence and the restrictive assumptions about higher orders in perturbation theory. The opposite viewpoint has been advocated in [26] where an explicit and plausible behaviour of the perturbative series is modelled. Strong cancellations are observed between the aforementioned π 2 -terms and those terms which can only be obtained from a concrete higher order calculation. All these papers are based on similar assumptions about non-perturbative power-suppressed contributions. These assumptions have been questioned in [27] , employing different weight functions in order to suppress these poorly determined terms with dimension D > 8. A significantly smaller result, α s (M τ ) = 0.3209 ± 0.0046 ± 0.0018, is obtained within CIPT. In total the spread among the different results is covered reasonably well by eq. (7).
